Abstract. We show that there exist exactly 203 positive integers N such that for some integer d 2 this number is a d -digit palindrome base 10 as well as a d -digit palindrome for some base b different from 10. To be more precise, such N range from 22 to 9986831781362631871386899.
Introduction
During the summer of 2004, while meeting at the Conference for African-American Researchers in the Mathematical Sciences (CAARMS), the author had a short conversation with J. Ernest Wilkins. He was interested in palindromes which remain palindromes when expressed in a different base system. For example, 207702 is a 6-digit palindrome expressed in base 10 (written as OE2; 0; 7; 7; 0; 2 10 ) as well as 6-digit palindrome expressed in base 8 (written as OE6; 2; 5; 5; 2; 6 8 ). He posed the following question:
Does there exist a positive integer N which is an 8-digit palindrome base 10 as well as an 8-digit palindrome for some base b different from 10?
He suspected that the answer would be no, but, without being well-versed in the art of computer programming, could not find a definitive proof using pen and paper.
It is natural to generalize this question to any number of digits. The main result of this exposition is as follows: Theorem 1. There exist exactly 203 positive integers N such that for some integer d 2 this number is a d -digit palindrome base 10 as well as a d -digit palindrome for some base b different from 10. To be more precise, such N range from 22 to 9986831781362631871386899, and d D 2; 3; 4; 5; 6; 7; 9; 11; 13; 15; 17; 19; 21; 23; 25:
(We assume that d 2 because any positive integer N < 10 is trivially a 1-digit palindrome base b for any b > N .) A complete list of these palindromes can be found in the appendix.
The author found this result using a few theoretically trivial yet computationally frustrating inequalities, then parallelized the search using several high-powered machines at Purdue University. Almost all of the computations were done using gridMathematica. Wilkins conjectured that the only even d are d D 2; 4; 6; this result is positive verification of his conjecture. This article is a bit different from [4] : Those authors consider positive integers N D 10 n˙1 which are palindromes base 10 as well as palindromes base 2 -but the number of digits is not fixed among the bases.
Computational Set-Up
Fix an integer b 2. For each positive integer N , the expression OEa d ; : : : ; a 2 ; a 1 b will denote the unique base b expansion
We will call this the base b representation of N . Moreover, we will say that N is a Proof (Wilkins himself suggested this proof). Upon fixing such an integer N , the base b must satisfy log N log 10
in terms of the greatest integer function b c. In fact, given any real number x we have the inequality x Ä bxc C 1 Ä x C 1, so it is easy to see that
When N 10 26 , i.e., d > 26, this forces b D 10. Digits d Base b Range for N 15 9 10 14 < N < 9 15 11 11 14 < N < 10 15 16 9 10 15 < N < 9 16 17 9 10 16 < N < 9 17 11 11 16 < N < 10 17 18 9 10 17 < N < 9 18 19 9 10 18 < N < 9 19 11 11 18 < N Ä 10 19 20 9 10 19 < N < 9 20 21 9 10 20 < N < 9 21 11 11 20 < N Ä 10 21 23 11 11 22 < N < 10 23 25 11 11 24 < N < 10 25
Proof. According to Lemma 2, it suffices to consider those integers N satisfying the double inequality 10 1 < N < 10 26 . Recall that 
which is a contradiction. OE6; 4; 6; 6; 4; 6 10 , OE2; 7; 2; 2; 7; 2 12 7 1496941 OE5; 5; 5; 3; 5; 5; 5 8 , OE1; 4; 9; 6; 9; 4; 1 10 1540451 OE2; 8; 0; 7; 0; 8; 2 9 , OE1; 5; 4; 0; 4; 5; 1 10 1713171 OE3; 2; 0; 1; 0; 2; 3 9 , OE1; 7; 1; 3; 1; 7; 1 10 1721271 OE3; 2; 1; 3; 1; 2; 3 9 , OE1; 7; 2; 1; 2; 7; 1 10 1828281 OE3; 3; 8; 5; 8; 3; 3 9 , OE1; 8; 2; 8; 2; 8; 1 10 1877781 OE3; 4; 7; 1; 7; 4; 3 9 , OE1; 8; 7; 7; 7; 8; 1 10 1885881 OE3; 4; 8; 3; 8; 4; 3 9 , OE1; 8; 8; 5; 8; 8; 1 10 1935391 OE7; 3; 0; 4; 0; 3; 7 8 , OE1; 9; 3; 5; 3; 9; 1 10 1970791 OE7; 4; 1; 1; 1; 4; 7 8 , OE1; 9; 7; 0; 7; 9; 1 10 2401042 OE4; 4; 5; 8; 5; 4; 4 9 , OE2; 4; 0; 1; 0; 4; 2 10 2434342 OE4; 5; 2; 0; 2; 5; 4 9 , OE2; 4; 3; 4; 3; 4; 2 10 2442442 OE4; 5; 3; 2; 3; 5; 4 9 , OE2; 4; 4; 2; 4; 4; 2 10 2450542 OE4; 5; 4; 4; 4; 5; 4 9 , OE2; 4; 5; 0; 5; 4; 2 10 2956592 OE2; 9; 5; 6; 5; 9; 2 10 , OE1; 7; 3; 10; 3; 7; 1 11 2968692 OE2; 9; 6; 8; 6; 9; 2 10 , OE1; 7; 4; 8; 4; 7; 1 11 3106013 OE5; 7; 5; 3; 5; 7; 5 9 , OE3; 1; 0; 6; 0; 1; 3 10 3114113 OE5; 7; 6; 5; 6; 7; 5 9 , OE3; 1; 1; 4; 1; 1; 3 10 3122213 OE5; 7; 7; 7; 7; 7; 5 9 , OE3; 1; 2; 2; 2; 1; 3 10 3163613 OE5; 8; 5; 1; 5; 8; 5 9 , OE3; 1; 6; 3; 6; 1; 3 10 3171713 OE5; 8; 6; 3; 6; 8; 5 9 , OE3; 1; 7; 1; 7; 1; 3 10 3192913 OE3; 1; 9; 2; 9; 1; 3 10 , OE1; 0; 9; 11; 9; 0; 1 12 3262623 OE3; 2; 6; 2; 6; 2; 3 10 , OE1; 9; 2; 9; 2; 9; 1 11 3274723 OE3; 2; 7; 4; 7; 2; 3 10 , OE1; 9; 3; 7; 3; 9; 1 11 3286823 OE3; 2; 8; 6; 8; 2; 3 10 , OE1; 9; 4; 5; 4; 9; 1 11 3298923 OE3; 2; 9; 8; 9; 2; 3 10 , OE1; 9; 5; 3; 5; 9; 1 11 3303033 OE6; 1; 8; 3; 8; 1; 6 9 , OE3; 3; 0; 3; 0; 3; 3 10 3360633 OE6; 2; 8; 1; 8; 2; 6 9 , OE3; 3; 6; 0; 6; 3; 3 10 , OE1; 9; 9; 5; 9; 9; 1 11 3372733 OE3; 3; 7; 2; 7; 3; 3 10 , OE1; 9; 10; 3; 10; 9; 1 11 4348434 OE4; 3; 4; 8; 4; 3; 4 10 , OE2; 5; 0; 0; 0; 5; 2 11 4410144 OE4; 4; 1; 0; 1; 4; 4 10 , OE2; 5; 4; 2; 4; 5; 2 11 4422244 OE4; 4; 2; 2; 2; 4; 4 10 , OE2; 5; 5; 0; 5; 5; 2 11 4581854 OE4; 5; 8; 1; 8; 5; 4 10 , OE2; 6; 4; 10; 4; 6; 2 11 4593954 OE4; 5; 9; 3; 9; 5; 4 10 , OE2; 6; 5; 8; 5; 6; 2 11 5641465 OE5; 6; 4; 1; 4; 6; 5 10 , OE1; 10; 8; 0; 8; 10; 1 12 5643465 OE5; 6; 4; 3; 4; 6; 5 10 , OE3; 2; 0; 5; 0; 2; 3 11 5655565 OE5; 6; 5; 5; 5; 6; 5 10 , OE3; 2; 1; 3; 1; 2; 3 11 5667665 OE5; 6; 6; 7; 6; 6; 5 10 , OE3; 2; 2; 1; 2; 2; 3 11
continued on the next page continued from previous page OE9; 9; 6; 3; 6; 9; 9 10 , OE3; 4; 0; 6; 0; 4; 3 12 9 130535031 OE7; 6; 1; 7; 4; 7; 1; 6; 7 8 , OE1; 3; 0; 5; 3; 5; 0; 3; 1 10 167191761 OE3; 7; 8; 5; 3; 5; 8; 7; 3 9 , OE1; 6; 7; 1; 9; 1; 7; 6; 1 10 181434181 OE4; 1; 8; 3; 5; 3; 8; 1; 4 9 , OE1; 8; 1; 4; 3; 4; 1; 8; 1 10 232000232 OE5; 3; 4; 4; 8; 4; 4; 3; 5 9 , OE2; 3; 2; 0; 0; 0; 2; 3; 2 10 356777653 OE3; 5; 6; 7; 7; 7; 6; 5; 3 10 , OE1; 7; 3; 4; 3; 4; 3; 7; 1 11 362151263 OE3; 6; 2; 1; 5; 1; 2; 6; 3 10 , OE1; 7; 6; 4; 7; 4; 6; 7; 1 11 382000283 OE8; 7; 7; 7; 1; 7; 7; 7; 8 9 , OE3; 8; 2; 0; 0; 0; 2; 8; 3 10 489525984 OE4; 8; 9; 5; 2; 5; 9; 8; 4 10 , OE2; 3; 1; 3; 6; 3; 1; 3; 2 11 492080294 OE4; 9; 2; 0; 8; 0; 2; 9; 4 10 , OE2; 3; 2; 8; 4; 8; 2; 3; 2 11 520020025 OE5; 2; 0; 0; 2; 0; 0; 2; 5 10 , OE1; 2; 6; 1; 10; 1; 6; 2; 1 12 537181735 OE5; 3; 7; 1; 8; 1; 7; 3; 5 10 , OE2; 5; 6; 2; 5; 2; 6; 5; 2 11 713171317 OE7; 1; 3; 1; 7; 1; 3; 1; 7 10 , OE1; 7; 10; 10; 0; 10; 10; 7; 1 12 796212697 OE7; 9; 6; 2; 1; 2; 6; 9; 7 10 , OE1; 10; 2; 7; 9; 7; 2; 10; 1 12 952404259 OE9; 5; 2; 4; 0; 4; 2; 5; 9 10 , OE1; 2; 2; 4; 1; 4; 2; 2; 1 13 998111899 OE9; 9; 8; 1; 1; 1; 8; 9; 9 10 , OE4; 7; 2; 4; 5; 4; 2; 7; 4 11 999454999 OE9; 9; 9; 4; 5; 4; 9; 9; 9 10 , OE4; 7; 3; 1; 9; 1; 3; 7; 4 11 11 39276067293 OE3; 9; 2; 7; 6; 0; 6; 7; 2; 9; 3 10 , OE1; 5; 7; 2; 5; 3; 5; 2; 7; 5; 1 11 39453235493 OE3; 9; 4; 5; 3; 2; 3; 5; 4; 9; 3 10 , OE1; 5; 8; 0; 6; 3; 6; 0; 8; 5; 1 11 42521012524 OE4; 2; 5; 2; 1; 0; 1; 2; 5; 2; 4 10 , OE1; 7; 0; 4; 0; 0; 0; 4; 0; 7; 1 11 73183838137 OE7; 3; 1; 8; 3; 8; 3; 8; 1; 3; 7 10 , OE1; 2; 2; 2; 5; 1; 5; 2; 2; 2; 1 12 13 1400232320041 OE4; 8; 5; 5; 2; 1; 7; 1; 2; 5; 5; 8; 4 9 , OE1; 4; 0; 0; 2; 3; 2; 3; 2; 0; 0; 4; 1 10 2005542455002 OE7; 0; 8; 1; 5; 8; 0; 8; 5; 1; 8; 0; 7 9 , OE2; 0; 0; 5; 5; 4; 2; 4; 5; 5; 0; 0; 2 10 2024099904202 OE7; 1; 4; 4; 5; 0; 0; 0; 5; 4; 4; 1; 7 9 , OE2; 0; 2; 4; 0; 9; 9; 9; 0; 4; 2; 0; 2 10 2081985891802 OE7; 3; 3; 0; 8; 6; 4; 6; 8; 0; 3; 3; 7 9 , OE2; 0; 8; 1; 9; 8; 5; 8; 9; 1; 8; 0; 2 10 4798641468974 OE4; 7; 9; 8; 6; 4; 1; 4; 6; 8; 9; 7; 4 10 , OE1; 5; 9; 0; 1; 0; 2; 0; 1; 0; 9; 5; 1 11 15 101904010409101 OE4; 4; 0; 7; 2; 7; 0; 5; 0; 7; 2; 7; 0; 4; 4 9 , OE1; 0; 1; 9; 0; 4; 0; 1; 0; 4; 0; 9; 1; 0; 1 10 149285434582941 OE6; 4; 6; 5; 1; 5; 7; 1; 7; 5; 1; 5; 6; 4; 6 9 , OE1; 4; 9; 2; 8; 5; 4; 3; 4; 5; 8; 2; 9; 4; 1 10 continued on the next page palindrome base b. It is unclear whether this is an upper bound on the number of different bases.
